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ABSTRACT 
The study of maximal abelian subalgebras (MAW) of o(n, C) is reduced to the 
study of orthogonally indecomposable MASAs. Their classification is in turn reduced 
to that ol” maximal abelian nilpotent subalgebras (MANSS) of sI(n /2,C) (for n even) 
and of o(n.0 itself. General results and guidelines are given, making it possible to 
construct all MANSs, and hence ali MASAs, for any given n. Representatives of all 
an, C) conjugacy classes of MASAs of d n, C) are constructed for 2 < n < 7, as an 
appl#cation of the general techniques. 
The present article is devoted to the problem of classifying the maximal 
abelian subalgebras (MASAS) of the complex orthogonal Lie algebras o(n, 
into conjugacy classes under the action of the group of inner automorphisms, 
i.e. the group O(n,C). For low values of n, we provide complete lists of 
representatives of conjugacy classes of MASAs. For arbitrary values of n, we 
provide a number of general results, the general forms of different types of 
MASAs, and guidelkes for performing a detailed classification. 
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The work presented here is part of a general series, devoted to the 
classification of all MASAs of all classical sianpIe Lie algebras. The general 
results and decomposition theorems are available in preprint form Cl]. 
Previous articles in this series were devoted to MASAs of the symplectic Lie 
algebras sp(Zn,R) and sp(2n, C) [2] and of the pseudounitary Lie algebras 
su(p, 4) 131. 
For a historical review, we refer to our previous publications and also to a 
book by Suprunenko and Tyshkevich [4]. Most of the classical [4-71 and 
recent [8, 91 work on complete sets of commuting matrices was devoted to 
subalgebras of the linear algebras sl(n, R) and sltn, C). Maltsev, on the other 
hand, constructed all MASAs of maximal dimension for all complex simple 
finite-dimensional Lie algebras [LO]. Kostant [ll] and Sugiura [12] have 
classified all Cartan subalgebras of the real simple Lie algebras. We recall 
here that a Cartan subalgebra of a simple Lie algebra is not only a MASA but 
is also self-normalizing [13]. 
The physical motivation for classifying MASAs of Lie algebras was 
discussed earlier [l-3]. Such a classification is essential in the theory of 
dynamical systems, where abelian subalgebras of Lie algebras provide possi- 
ble integrals of motion in invohrtion, or sets of commuting operators in the 
quantum case. MASAs play an important role in the theory of separation of 
variables in partial differential equations [14-161, in the search for 
invariant solutions of partial differential equations [17], etc. Let us al 
that a classification of MASAs of classical Lie algebras is used in the 
classification of nilpotent and solvable Lie algebras. 
Finally, let us mention that the &ssification of MASAs is part of a more 
general program, namely the classification of all subalgebras of a given Lie 
algebra. 
body of literature exists on both semisimple and nonsemisimple 
balgebras of semisimple Lie algebras [RI-221, and methods have 
d for finding all subalgebras of a given Lie al 
the general scheme, we shall show in Se 
classification of MASAs of o(n,C) can be reduced to the study of inckxxm- 
poswb~e MASAs. This, in turn, can be reduced to a study of’ maximal abelian 
nilpotent subalgebras (MANSs) of dn’,CJ for R’ G n and of sl(n /2,C) (for n 
even). We recall here that a MANS of a Lie algebra L is a MASA that 
consists entirely of nilpotent elements in L and is represented by nilpotent 
matrices in any finite-dimensional representation. Some general results on 
MAN% of o(n,C) are presented in the same section. Section III is devoted 
to a specific type of MANSs that will be called free-rowed MANSs. Non- 
fke-rowed MANSs and low-dimensional examples are considered in Sec- 
tions IV and V. 
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II. FORMULATION OF THE PROBLEM AND GENERAL RESULTS 
1. Formulation of the Problem 
An abelian subalgebra M of a Lie algebra L is a MASA if M coincides 
with its centralizer in L, 
cent, M = (x E LI[x, TV] = 0, Vy E M) . @4 
Thl*s M is a MASA of L if 
[M&f]=% cent, M = M. (2.2) 
We shall use the n-dimensional linear representation of o(n, C), i.e. matrices 
X satisfying 
XK+KxT=O, K = KT E cnXn, det K f 0, X E CnXn. (2.3) 
The corresponding Lie group O(n,C) is represented by matrices G satisfying 
GKG*= K, G E CnXn. (24 
Our task is to classify MASAs of o(n,C) into conjugacy classes under the 
group O(n,C). We shall actually treat an equivalent problem, namely, to 
enlarge the classification group to GL(n,C) and cktssifL matrix sets 
{M,K}, (2.5) 
where K is the metric tensor of (2.3) and (2.4) and M is a MASA of o(n, Cl, 
realized by a set of commutive matrices X, and satisf$ng (2.3). TWO MASAs 
(M, K) and (M”, K’) are equivalent if we have 
GMG-’ = M’, GKGT= K’ (2.6) 
for some G E GL(n,C). Thus, we are not committing ourselves, ab initio, to 
a specific choice of metric K. Once a list of sets {M, K} is provided, a list of 
O(n, C) conjugacy classes can be read off by simply fixing K. 
The classification of MASAs of a Lie algebra L is an extension of the 
classification of elements of the Lie algebra L. For all classical Lie and 
Jordan algebras such a classification is known [25, 261. In particular, for 
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o(n,C), an element can be either orthogonally indecomposable (OID), or 
orthogonally decomposable (OD). An OID element can be decomposable 
, but D) or indecomposable (OID and ID). The OID, but D case occurs 
for even n only. 
2. compo.Mon Theorems for MASAs of &z, 6) 
Since we are considering a complex Lie algebra, the ground field C is 
algebraically closed. In this case, according to the general theory [l], pre- 
cisely three types of MASAs exist. We sum up their basic properties in three 
theorems and skip the proofs (they follow easily from the general theory). 
TI~EOREM 2.1. Ecety orthogonally decomposable MASA of o(n, C) is 
conjugate under O( n , ) to precisely one MASA of the fm 
M=diag(M,,M, ,..., M,), ~=diag(K,,K, ,..., K,), (2.7a) 
Kj = K;, det Kj Z 0, (2%) 
where : 
hus, the task of classifying hlASAs of o(n, ) is reduced to that of 
ASAs of o(n’, 
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conjugate to precisely one MASA of the f&m 
where A is an indecomposable MASA of gl(k,C). Representatiues of all OID, 
but D MASAs of o(2 k,C) are obtained by classgying all indecomposable 
MASAs of gl( k, C) into conjugacy classes under GL( k, C) and taking a 
representative of each class in (2.8). The ID MASAs of gl(k,C) have the form 
A = CI,@ [MANS of sl( k,C)] . 
For results on MAN% of sl(k,C>, see References 1, 4, 27. 
THEOREM 2.3. OZD and ID MASAs of o(n,C) exist for all n 2 2. They 
are all MANSs of o(n, C). 
The entire MASA classification problem is reduced by the above three 
theorems to a classification of MAN%. 
3. General Results on MAABs of o( n, C) 
A. Tlze Kraochuk Normal Form and Allowed Transformations. The most 
important characteristic of a MANS is its Kravchuk signature [l, 4, 7, 271. In 
neral, this is a triplet of nonnegative integers (hp) with A + p + v = n, 
2 1, w 3 1. If the MANS M is represented by n X n matrices X G d “X”, 
then h is invariantly defined as the dimension of the kernel of M, i.e. oiF the 
subspuce of C” simultaneously annihilated by all matrices X E M. The 
integer o, is the codimension of the image space of M, viewed as a set of 
atiorrs of C’“. In view of the existence of an invariant involution for 
iven by K, we have A = w in the case under consideration. 
ch MANS of o(n, ), we attribute a Kravchuk signature (ApA), 
[n/213 A 2 1, p = n-2A. A MANS of o(n,C) can be transformed to its 
Kravchuk normal form 
(29a) 
00 0 
det K, # 0, A E 
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The matrix S is nilpotent. The matrix K, is fixed. Different choices of A, S, 
and Y correspond to different MASAs. Commutativity [X,X’] = 0 imposes 
conditions on the entries in (29a), namely 
AR,A’r = A’K,AT, AS’ = A’S, [S,S’] = 0. (2lOa,b,c) 
Since the primed and nonprimed quantities represent two different elements 
of M and are hence linearly independent, the conditions (2.10) will impose 
very strong restrictions. In particular, hey imply that for any given element 
X E o(n,C) the matrix S depends linearly on A and contains no free entries. 
The matrix Y, on the other hand, is entirely free, except for the o(n,C) 
condition Y = - Y T. 
We are classifying MASAs up to equivalence, as in (2.6). When classifl- 
ing MANSs, we restrict ourselves to GL(n,C) transformations that preserve 
the Kravchuk normal form (2.9), though not necessarily the form of K,. Such 
transformations will be products of matrices of the form 
(2.11) 
where G,, = - Gr’, and G, and Gag are nonsingular. 
When acting on {X, K} the transfo~ations G, induce 
(2.12) 
The transformation (2.6) with G = G, induces 
A--+A’=A+G,$, S-+S’=S, 
Y -+ Y’= Y - G&AT + AK,G;z + G,,SK,G&. (2.13) 
We shall distinguish two types of MANSs of O(n,C), which we shall call 
Ss” and “non-free-rowed MANSs”, respectively. 
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B. Free-Rowed MANSs of o(n,C). A free-rowed MANS of o(n,C) can 
be represented by matrices of the form (2.9) in which the first row of the 
matrix A contains n free complex entries. We shall show below in Section 3 
that in this case the matrix S in (2.9) vanishes and all further rows in A 
depend linearly on the first row. 
C. Non-Free-Rowed MANSs of o(n,C). A non-free-rowed MANS of 
o(n, C) can be represented by matrices of the form (2.91, such that no linear 
combination of rows in A contains more than n - 1 free entries. The theory 
of non-free-rowed MANSs is more complicated than that of free-rowed ones. 
Non-free-rowed MANSs can occur in different guises. For Kravchuk signa- 
ture (lpi), i.e. when A consists of one row, they occur for b > 3. The matrix 
S in (2.9) is then nonzero and must have a form that assures that X has the 
correct Kravchuk signature. For A 2 2 non-free-rowed MANSs exist both 
with S = 0 and with S z 0. Some general results and a multitude of examples 
are presented below in Sections 4 and 5. 
4. Comment on Notation 
Throughout this ,article, we shall need various series of matrices of 
different dimensions. We denote them I,, R ,,, H,, J”, and F,, respectively, 
and their matrix elements are 
( Fn)jk =( -l,j+‘~j “+1-k- . (./n)jk = sj+l k* (2.14) 
The subscript n denotes the dimension; when the dimension is obvious, we 
may drop this subscript. 
III. EE-RCWED MAN% OF cl(n,C) 
1. General Results 
LeC us consider a MANS in its Kravchuk normal form (2.9). Allowed 
transformations of the type (2.12) with G,, = 1 will permute rows in A and 
perform linear combinations of rows. If at least one linear combination of 
rows in A exists that contains the maximal possible number of kee entries, 
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we arrange for this row to be the first one. We denote 
A== m= m= ( 1, 2,...smI), m=m,=(a,,...,a,), a, EC, i = l,...,~ 
(34 
where each complex entry ai can be independently and fkeely chosen. All 
MAN% satisfying this property will be called free-rowed, and their theory 
can be summed up in a simple manner. 
THEOREM 3.1. A representative list of O(n,C) conjugacy 
free-rowed MANSs of o(n,C) is given by the matrix sets 
OA Y 1, 
x- 0 0 &I 
00 0 I I 1, 
Y= -YT Ec?A, KoECPX@, &et K, f 0, 
ciass&& of 
(3.2a) 
(3.2b) 
AT= (Q~mT,Q:mT,...,Q~mT), m=(a,,...,a,), a,EC, (3.2~) 
where the linearly independent set of matrices Qi C+ ‘p sattspifis 
J,, = K,,Q;, [Q~,QJ = 0, i,k = l,...*h, (3.2d) 
Ql = L TrQ),=O, i==2,...,h, (3.28) 
k(k =+-I) 
1 = 0 for i 2 
+a+~, /rL==2k+K, K==O,L (3.20 
For a given Kravchuk signature (h@A) a complete list of representatives of 
MANSs is obtained by classifying all abelian subalgebras of the Jordan 
algebra of ,matrices Qil i = 1 , . . . , A, defined in (3.2d) into conjugacy classes 
under the action of O(p,C) and choosing a representative of each class. 
The entries in Y and m are completely free, and they are the only free 
parameters. The dime~ions of the free-rowed MANSs hence depend only on 
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the Kravchuk signature and are equal to 
dimM=n+ 
A(&-5) 
2 * 02d 
Proof. We shall give the prooi” in several steps. 
(i) The matrix S in (2.9) vanishes. From the commutativity relation 
(2.1Ob) with A in the form (3.0, we have, in particular, 
mS’ = m’S. c 3.3) 
We can chose m = 9; since m’ is completely free, (3.3) then implies S = 0. 
Since a MASA is a linear space, this implies that S depends linearly on m: 
S=(R, mT, R,mT, . . . , R,m’), Ri EC”~Y (3.4 
Moreover, from (3.3) we have 
mRimpT = m’R,mT = ( mRTm’T)T = mRTmtT 
and hence the matrices Ri are symmetric: 
On the other hand, 
in (2.9) wc have 
R, = R;. (3.5) 
we have S E o&C), as seen in (29bi. Choosing K, = I 
s+s’==o, i.e. S,,, + S,,, = 0. (3.6) 
Hence 
(R,,)ape+(Rak~c =O, a,b,c=l,...,p, 
so that 
(Ruhc = -(Rd.,. 
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From (3.5) and (3.7), we have 
( Ra)hc = (R&h = - (Rc)nb, (R,),, = @&a = - (Rc).,. 
Hence 
so that R,=O(c=l,...,p)and hence S=O. 
(ii) The rows m,,..., mh in (3.1) depend linearly on m as in (3.2c), and 
the matrices Qi satisfy (3.2d,e). Using the commutativity relation @JOa) and 
(3.0, we have 
mk K,miT = rnk Z&m:, i,k = I,...) A. (3.8) 
Taking k=l, and choosing m,=m=(O,...,O) and m;#O, we find that 
m = 0 implies mi = 0,2 < i < A. Hence mi depends linearly on m: 
mi = mQi, Qc E Cpxcr, i=2,...,A. (3.9) 
Rewriting (3.8) and dropping the free vectors m and m’, we obtain 
QkK,QT= QibQl* (3.10) 
Far i = I, WC obtain the first of the reIatians (3.2d) and then rewrite (3.18) as 
which is the second of the ~~~~tio~~ (3. d), Using t~~R~f~~~ti~~~ of the type 
1, we can subtrmt multiples of the flirst row fmm a11 
uant rows and thus arrange for the matrices Qr to be traceless for 
, = I is a d~~nitio~~. 
ii) The abelian subal ebras of the Jordan algebra jo(p, C) defined in 
der the action of 0(~, C). performing a transfor- 
mation (2.12) with C, 1 = I, we have 
A’T = t m’T,G&TQIGLmtT ,..., G&TQ~G~zmfT), m’= mG&‘. (3.11) 
Since we are eonsi ering conjugacy under o(st , ), we must fix K, in (2.9) 
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in some manner. Hence, we have K, = G,K,GL and G,, E O&,C). The 
transformation (3.11) thus amounts to a classification of abelian subalgebras 
of jo&,C) under the action of O(p,C). Transformations (2.12) with G, = I, 
G,, arbitrary then amount o a choice of basis for each abelian subalgebra of 
jo&C). The dimension of jo(l_c,C) is & + 1)/S. The largest dimensions of 
MASAs of o(p,C) are given by (3.2f). 
(iv) The dimension formula (3.2g) simply counts the number of free 
entries: 
dimM=n+ 
A(h -5) 
2 - 
COMMENTS. 
(1) A free-rowed MANS of dn,C) is always a MASA, except for the 
o&C) MANS of Kravchuk signature (2021. The MANS of d4,Cl is one- 
dimensional: 
The centralizer of X in d&C) is 
centX= (; _;$ A= (; -“.), (3.13) 
yield two MASAs. The first is given by (3.13) with b = c = 0, u f 0 and is 
an0 , but D MASA; the second is given by (3.13) with a = 0, c = 0, b + 0, 
and is a MANS with Kravchuk signature (121). In all other cases, it can be 
shown that a MANS of o(n,C) is also a MASA [l]. The reason for the 
exception is that o&C) is only semisimple, rather than simple, and that the 
element (3.12) is itself decomposable, though not orthogonally decomposable. 
ation (3.2g) shows that the dimension of a free-rowed MANS is 
r than or equal to the rank of dn, C), namely [n /2], except for 
the d&C) case, when the MANS is not a MASA. 
(3) The gnatrices Qi form an abelian subalgebra of jd p, Cl, but not 
necessarily a maximal one. Thus, the complete classification of all MANSs of 
the Lie algebra o(n, C) necessitates a classification of all abelian subalgebras 
1, 0 4 p < n - 2. Equation (3.2f) thus need not be “saturated”: we 
may also have Qi = 0 for i smaller than the limit given in (3.2f). 
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2. Free-Rowed MANss of dn, C) with 0 < p < 3 
The results summed up in Theorem 3.1 simplify and become more 
explicit for low values of p in the Kravchuk signature. 
p = 0. This case occurs for even n only, when we have o(n,C) = 
0(2&C). Only one class of MANSs exists for the signature (AOA), repre- 
sented by the matrix sets (3.2a) with A = 0. We have 
dimM= 
n(n -2) 
8 l 
(3.14) 
As mentioned above, these MANSs are MASAs for A 2 3 [o(2,C) has no 
MANS; for o(4,C) the MANS is not a MASAI. 
p = 1. This case occurs for odd n only, when we have o(n, C) = 
o(2A + 1,C). We have Qi E C, and hence Tr Qi = 0 for i 3 2 implies Q2 = 
l *a =QI=O. Th us , f or each n, precisely one such MANS exists. It has the 
form (3.2) with Ar = (cr,O,O,. .,O), and its dimensien is 
dimM = 1+ b--W~-3) 
8 ’ (3.15) 
p = 2. Again n must be even: n 
(3.2e). If WC choose K, = 
= 2A +2. We have m =(a,,~~) in 
I, in (3.21, &ten jd2,C) is realized by symmetric 
2 X2 complex matrices. An abelian sarbal bra of jg(2,C) can have at mgst 
two basis elements. Performing li inations of rows in A, we can 
to have Q1 = 0 for . Thus, at most three types sf MANSs 
can exist, r~~r~s~~t~d by matrices of the type (3.2) with 
Q,=I, q=o, izz52, &= 1 0 ( 1 0 1’ (3.16) 
QFL Q2=(! 8) Qi=O, ia3, &=((: i), (3.17) 
p=(i _y)* @i=O> i~3, Ko=(i !)a (3.18) 
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TABLE 1 
MATRICES Qi FOR FREE-ROWED MAN!+ OF O(fZ,C) WITH p = 3” 
No. Q2 Q3 &I n 
I”, 
1 1 
1 
-2 
( I2 0 1 
0 13 25 
0 H, >,7 
0 
0 
H2 ( 1 1 27 
H2 ( 1 I 27 
5 diagtl, a, - 1 - a) 0 13 27 
6 13 c!312 H3 29 
7 diagtl, 1, - 2) 
(” 0) (” 1) a9 
8 diag(l, 1, -2) diag(O, 1, - 1) 13 29 
“Q, -_ I,, Qs = . . . =QA=O. We have O<Jq(<l,$r<argcr<$; for 
lrrl=l,$r<argcu<?r. 
The MAN% (3.16) exist for n 2 4; (3.17) and (3.18) for n 2 6. The dimen- 
sions of these MANS are 
dimM=2+ 
(n-2)(n-4) 
8 ’ 
(2.19) 
p = 3. These MANSs exist for c&M + 3,C), i.e. n odd, n z 5. The 
Jordan algebra jd3, C) can be realized by symmetric omplex 3 x 3 matrices. 
A direct calculation shows that at most three linearly independent matrices of 
this type can commute. To check this, one can assume that Q, = I and Qs is 
in one of the standard forms for elements of jo(n, C) studied in Reference 26, 
and theu look for matrices Qi E jo(3,C) commuting with Q2. The results are 
summed up in Table 1. 
IV. NON-FREE-ROWED MANSs OF o(n,C) WITH KRAVCI-IUK 
SIGNATURE (lpi) 
We now turn to the case of MANSs in the Kravchuk normal form (2.9) for 
which no linear combination of rows in A contains more than p - 1 free 
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entries. We first concentrate on rhe case of the Kravchuk signature (lpi), 
when the matrix A consists of a single row. By assumption, this row is not 
free. 
1. General Results 
We have A = ln~C lxcL The row 170 can be viewed as a vector space . 
carrying a metric, given by the matrix K, in (2.9). Let us put 
where the n0nnegatiP.e integers p,, and p, give the numbers of isotropic and 
nonisotropic vectors in any orthogonal basis for the row space m. Performing 
an allowed transformation (2.12) with G,, = 1 and G,, E O(g, C), we can 
arrange the basis so that the row m and the matrix K, have the form 
owl, 5 q EC’“~, 
where Gj is a zero row vector. 
, 
The matrix S in (2,9) cannot vanish in this case, since the Kravchuk 
signature actually requires that the mak of the lost eslumns in S (under the 
zeros in tn) should be maximal, i.e. equal to p,, -I- pn. Combined with the 
fact that S is nilpetcnt, with commutativity, and with the maxim&y of M, 
this imposts very strong restrictions, summed up in the following theorem. 
TIIEOREM 4.1. The row space m for a non-jree-rowed MANSs of o(n,CI 
with Kravchuk signature (ll.~l) is nondegenerate with respect to the m.etric 
h-,. 
at we must actually prove is that we have go = 0 in (4.2). 
21, we write the general element of the considered 
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MANS as 
X= 
0 
0 
0 
0 
0 
0 
a 5 0 0 01 
S 11 S,, Sli Sl, - aT 
- SL s22 s23 s24 0 
-ST, s, s,, -s& 0 ' 
(4.3a) 
-s;z s42 -s& -s& -tT 
0 0 0 0 0 b 
S 11= 
_ sy, E CCIX~l, s 
24 
= - g4 E c~oXy s 42 = - g-2 E C~oXFo, 
S,= _ s& E ccL2-2, s,,, s,, E cplxpo% (4.3b) 
s,, E CPIXP2, s, E C~oXPo, s, E cpoxcr2, s, E C’“2Xc”o. 
(4.3c) 
Commutativity ([X, X’] = 0) implies that the submatrices Si,, i = 1,2, cy = 
1,2,3,4, depend linearly on a and 5: 
S la = &,aT+ PlaeT, R,, = RT,, P2, = P&, 
(4.4) 
S 2a = R2cpT+ P2JT, R,, = P1’,, 
where R,, Pja are complex matrices of the appropriate dimensions. Combin- 
ing (4.4) for (Y = 1 and 4 with the antisymmetry conditions (4.3bh we obtain 
s 11= 0, s,, = 0, s24 = 0. (4.5) 
The conditions (4.4) and (4.5) are necessary, but not sufficient, for the 
matrices A4 = (X} to fonn a MANS. Let us now assume that we have already 
constructed a MANS, say M, of o(n,C), and let us imbed it into a one-rowed 
MANS of sl(n,C), say a, that is invariant under the involution. 
of n Xn and also has chuk signature &LO. Wi out loss of generality, 
198 
- 
V. HUSSIN, P. WINTERNITZ, AND H. ZASSENHAUS 
we can view M as a direct vector-space sum 
~=M-+M* (4.7) 
where M E o( n, C) is the MANS of o(n, C) constructed above [and hence 
satisfying (4.4) and (4.511 and 
M*= 1 I Y Y ECnx”& a(Y) =Y), (4.8) 
i.e. 
Y= 
0 1 a* b* c* d* 1 0 j 
0 sf-i % % %+i a*T 
0 s;r,T S& S& %I d*T 
0 s;coT C” c 32 St3 SgJT CeT ’ 
0 S$T sg SST sgT b*T 
(4.9) 
where the dimensions of a11 rows and coltimr~s are the same as in (4.3a). SC 
(i,j- I,.,., 4) depends linearly on Q*, . *I ) cl*, and Y as a matrix is nilpotent. 
The matrices representing H in C”xrr satisfjf EQ IV (with respect to 
matrix multiplication), and hence 
From (4,7b, (Lb,lO), (4,3a), and (4,r)J, WC? &rain 
Let us now consider the nilpotent commutative subalgebra S* E C(n-2)x(n-2) 
attached to M”, s* = (s$I i, k = 1,. . ., 4) with S$ as in (4.9), satisfying (4.11). 
We have 
(4.12) 
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where L, is the C-linear subspace of C(n-2)x1 formed by columns with the 
first pI + p0 entries equal to zero. Moreover, from the form of Y in (4.9) 
[with (4.1111, we see that we also have 
FL2 c L,, (4.13) 
where L, is the C-linear subspaee of C(n-2)x1 with the first pl + p. + p2 
entries equal to zero. 
Let us now form 
S=(Sik(a,t)li,k=l ,..., 4) (4.14) 
as the nilpotent commutative subalgebra of dn -2,C) attached to M [see 
(4.3a)], and choose a vector x c L, which is annihilated by S*: 
-L2, s*z = 0 (4.15) 
(the existence of z follows from the nilpotency of S*). We have 
SL,cL,, S&L,, s( sz) = s22 c s*z = 0. (4.16) 
Since the Kravehuk signature of M is (I n - 2 11, the arinihilated space of the 
set (X} in (4.3) must be one-dimensional [spanned b; ur = (1 0 0 0 0 O>]. 
Since GT- (0 0 0 0 (SZ)’ 0) would provide a larger annihilated subspace, 
we must have SZ = 0 and, for the same reason, 
;2”- 0. (4.17) 
However, if we have p. 3 1, then an element z of L, annihilated by S* 
exists. It follows that cc, = 0 and the row space m is nondegenerate. 
A consequence of Theorem 4.1 is the following result. 
THEOREM 4.2. Every non-free-rowed MANS of o(n, a~c~~k 
signature (Ipl) and p1 < p - 1 free entries in m is conjugate to precisely one 
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MANS that can be revresented in the form (2.9) with 
A=(a O), 
a E Clxp', SIZ E CcLlXP2, szz = - s& E cp2xp2, 
= ( R1aT,. . ., Rp2aT), ( R' E Cplxpl, (4.18b) 
sz2 = (T1aT,...,Tp2aT), Ti~Cp2Xlr1, (4.18~) 
where the matrices R’ and T’ satisfy 
it ( Rk)i*( Rk)n* = E ( Rk)in(Rk)ml~ (4.18d) 
k=l k-l 
(4.18e) 
Brssf. The form (4.18a) is a direct consequence of Theorem 4.1. The 
zero value S, , = 0, follows frgm antis~me~ (S,, = - Sr,) and commuta- 
tivity. 
he relations ‘t4.18b), (4.18d), and (4.1 ) follow &om commutativity. The 
) is a ~nseq~en~~ of the fact that m has precisely F1 
rther f&e entries, contain 
~t~~ns~* q 
yze dimtly. 
to first make 
T = NJ and the matrix S in X upper trian 
1. We then analyze compatible nonde~enerate row 
spaces m of dimension 1~ lul g p - 1, 
A question as yet unresolved is the minimal dimension of the row n. 
ere we venture a conjecture, borne out by a large number of examples. 
CONJECTURE. The minimal dimension of a MANS of o(n,C) with 
gnature (1~1) is equal to the rank of &,C), i.e. [n /2]. This 
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2. Non-Free-Rowed MAN% with Kravchuk signature satisfying A = 1, p < 6 
In this subsection, we shall provide a complete analysis of all non-fiee- 
rowed MANSs corresponding to A = 1, p < 6. The method is quite straigbt- 
forward. For each value of p fixed, we run through ah values of (~0,~1) 
such that 1 <p. + ~1~ <y - 1. We first use the matrix G,, in (2.12) to 
transform m into some convenient form. Then we find the most general 
matrix S compatible with the commutativity conditions mS’ = m’s and [S’, S] 
= 0. Once this is achieved, we use f&her transformations of the form (2.12) 
and (2.13) to simplify S while leaving m unchanged and to verify that all 
cases retained are mutually inequivalent. Finally, once the matrix sets (X, K) 
have been established, we verify whether the obtained abelian nilpotent 
algebra is maximal. This is done by calculating the centralizer of the set X in 
c!n,C) and using the fact that a MANS must coincide with its centralizer. 
We ship all details and sum up the results in a theorem. 
THEOREM 4.3. Every nun-free-rw.wd MMS of dn, C) with Kraochzsk 
signahrre (lpi), p < 6, is O(n,C) conjlcgde to precisely one MANS listed in 
Table 2. The MANSs in Table 2 are m&&y nonconjugate. Such MAN& 
existonlyfor 3~4~ Inallc;ases,weh~Cc,=0,1~/2]<Cl,. 
We see that one conjugacy class exists for o(5,C) and d6, C), two for 
o(7, C), and four for o@, 0. Their dimensions are equal to dim m = pI. 
Below, we shall show that the MANSs of Table 2 represent the first 
members of series that exist for all larger values of n. This becomes 
particularly clear if we change the metric K appropriately in each case. 
Consider for example the MANSs A(5,O) and A(7,O). Let us perform a 
formation (2.6) tahing the K of Table 2 into K kk + 1 = Fzk + *. A matrix G 
zing the transformation cm be chosen so as to replace ail the minus 
of A&O) and A(7,O) by pluses (without changing anything else). 
asis for these MAN!% is then given by the Jordan matrix J2k+ 1 and its 
s. Thus, for A(S,O), the basis is (Js,(_!~)3); for A(7, O), we have 
&)s}. The generalization to A(2k + 1, C) c O@k + 1, 
)@- I). Another series starts with A(5,l). After a 
basis in the form {A, A’, B), where 
Bi=(l 0 0 0 O), and i(‘= (4.19) 
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TABLE 2 
REPRESENTATIVES OF O(?Z,C) CONJUCACY CLASSES OF NON-FREE-ROWED MANSs 
WITH &AVCHUK SIGNATURE (I./&l), /.h < 6a 
Series 
number n CL IL1 x 
A(5,O) 5 3 2 
A(R1) 6 4 3 
A(7.0) 7 5 3 
M(7) 7 5 4 
Oao b 
Oa 0 -if 
0 -a 0 
0 -a 
0 
'Oab b 
i 
0 
0 a -a 
0 0 a 1; 
0 -a -b 
0 -0 
0 
AC%31 8 6 4 
0 a 0 b 
0 a 0 
-ii & 0 -c 
Oa 0 b 0 -a 0 -1 
0 -a 0 
0 -a 
0 
10 a b 0 c d Q\ 
I Q 0 -c 0 -a Q 
‘QacO 0 d 
QOa (1 8 -II 
oc-c 0 -d 
0 
0 -a 
\ 0 
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TABLE 2 (Continued) 
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Series 
number n CL - Pl X _- 
A(7,1) a 6 4 
Am 8 6 5 
lo aOc d 0 b 
0 a 0 0 c-d 0 -ii 
0 a -a 0 d-c 0 0 a 0 -I: 
0 -a 0 -C 
0 -a 0 
0 -a 
0 
Oacd de b 
OOa-a0 0 -ii 
00 00 O-e 
0 00 a-d 
0 0 -a -d 
0 0 -c 
0 -a 
0 
“The metric is given by Kjk = Sksa, +1 _j. 
Notice that A is a decomposable Jordan matrix. The next algebra in this 
series is A(7,O of Table 2. it can also be transformed into the form (4.19) 
with E, replaced by E,, the dean sition pattern being 7 + 1 and the basis 
bei A A3 A5 I3 . 
e ‘MA& A(8) starts still another series and can be transformed, 
without ehan K. into (A, As, B, B”), where 
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Finally, the MAN% M(7) and M(8) belong to a series M(n) C o(n, C) for 
which we have dimM(n)=dimm=~i=~--1. For n<6, we have M(5)= 
A(5, O), M(6) = A(5, l), i.e., the lowest members of different series may 
coincide. 
We now turn to the generalization of the obtained series of non-free-rowed 
MAN% to the case of o( n,C) for n arbitrary. 
3. Series of MANSs Based on Indecomposable and Decomposable Jordan 
Elements and Their Centralizers 
The MANSs denoted A(k, I) in Table 2 were all obtained by taking one 
nilpotent element A, E o(n,C) and all of its odd powers up to 2k + 1 such 
that A;‘+r 4 0, A\k+3 = 0, together with their centralizer in o(n, Cl. [The 
even powers Aik are not contained in o(n, CL] Having already obtained all 
such MANSs for p < 6, we now apply the same approach for p and n 
arbitrary. The nilpotent element A, will be taken in its standard Jordan form 
[26], and we restrict ourselves to the case when this element is either 
o~hogon~lly indecomposable, or orthogonally decomposable into precisely 
two 01%) blocks. We shall consider separateliy s(n,C) for n odd and n even. 
A, The Series A(2k -I- I,40 for s(41 -I-2k + 1,C). We choose the metric 
K, the element A,, and the additional element B in the form 
.$4j, J,(, denotes an ~~d~~~rn sable ~il~te~~t Jordan 
bus, A,, for I = 0 is im OfI3 c~c~~e~t of 
element in which the first block is OIB 
and ID whereas the second one is CID but D. Taking the powers 
and calculating the centralizers we obtain a MANS of 
which has a basis 
“,A3,B”,...,A;‘-=“B”). (4.23) 
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The dimension of the MANSs of this series is equal to the rank of o(n,C) for 
n odd, i.e. 
n-l 
dimM=k+eZ=T. (4.24) 
If we take I = 0, k = 1, i.e. A(3,01, we obtain the free-rowed MANS of 
o(3,C). Non-free-rowed MANSs are obtained for 
ek+l>42, k >2. 
A(7,O) of Table 2 belong to this series. The MANSs A(5,O) and 
The proof that A(2k 
(4.25) 
: + 1,421 is a MANS of d41+2k + 1,C) if (4,25) is 
satisfied is easy to provide, but we skip it here. 
B. The Series A(4k,2l+ 1) for s(4k 6-21 f I,@). We choose the metric 
K and the element A, in the f&m 
_I 
I 2k 
* A,= - .hk 
I 21+1 
and introduce the further elements B and C such that 
I (4.26a) 
8x I , C= (I ; ;] with C&=(‘“b”‘). (4.26b) 
We see that A, is ag;rfn OB in two Modes, one 01D but D, the other 
Following tke same procedure as above, we obtain a new MANS for 
2k>2t+l, k 22. (4.27) 
A basis for such a MANS is given by 
( A,,A;,..., A;‘-‘,&A@ ,..., Afjk-“B,C,A$ ,..., A;‘C). (4.28) 
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The dimension of this MANS is 
n+l 
dimM=2k+l+l=T=ranko(n,C)+l. (4.29) 
No member of this series figures in Table 2, since the first occurrence is for 
o(9,C) (p = 7), namely A&l). If we take k = 1 in A(4k, 2Z+ 11, i.e. A(4,1), 
we obtain a free-rowed MANS. If we take k such that 2k < 2Z+ 1 but 
4k > 2Z+ 1, then no MANS is obtained. 
C. The SeriesA(2k+1,21+1) for o@k+21-+2,C), k>l, k>,2. We 
choose the metric K and the elements A, and B to be 
( F K= 2k+* F2[+1). A0 = ( J2k+1 J2,J
B = ( O - ~2d3~Fzk.l q, B,= (‘2;‘). (4.30) 
A basis for this MANS is 
1 A,,,A:,,..., A~~-‘,S,A~B,.,.,A2:S). (4.31) 
i.e., A, is 01 but D. A basis for the MANS is given by 
( A,,& ,..., A:;-‘, ,A2,B,...,Azk-I%), (4.34) 
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For the dimension, we obtain 
dimM=2k=n/2=ranrsa ::.,c). (4.35) 
The lowest-dimensional example of a non-free-rowed MANS in this series is 
A(8) of Table 2. 
4. Series of MANSs with dim m = p - 1 
In the previous subsection, we produced four series of MANSs with 
Kravchuk signature (1~1) of dimension that is in ge,leral much less than CL. 
Here we take a different approach to non-free-rowed MANSs; namely, we 
shall obtain all non-free-rowed MANSs with signature (lpi), satisfying 
dimm=p-1. (4.36) 
The results can be summed up as a theorem. 
THEOREM 4.3. Any non-jive-rowed MANS of o(n, C) having kavchuk 
signature (1~1) and dim m = p - 1 = IZ - 3 is conjugate under O( n,Cl to the 
MWS 
x-(i % _;?-), s=(_on y.J, 
m=(a,O), n= (a, + ia,,i(a, + ia&L,@ (4.37) 
~1 x(~- ‘1 and K,, = i, fn (2.9). 
Proof. The form of X in (4.3’7) is a particularization of the Kravchuk 
normal form (2.9) for h = 1 and dim m = p - 1. The iat- ix S can be written 
as 
S = 
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where §,,(a) is a vector depending on the components of the vector a. 
Comm~tativity (mS’= m’S) implies S,, = 0 and S,,(a)= Pa with P E 
<CL - liX<cl- I> a symmf3te.e matrix satisijri*g 
pij ‘kl = PikPjl i,j,k,l=l,..., p-1. 
This means that P is of rank 1 (or 0) and can be written as P = ppT where p 
is a column vector. 
Using a transformation (2.12) with G,, = 1, G,, = dia&-_I, I), we obtain 
X’ in the same form as X with a’= aH-’ and P’== HPH-‘. 
have 
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To sum up our results on non-fkee-rowed MAMSs of o(n, ) with Kravchuk 
signature (I@): 
e have found all such MANSs for p < 6. They are represented in 
(2) We have found several series of MANSs with dimensions equal to the 
dimension of the Cartan subalgebra, or ereeeding it by one. 
such MANSs satisfying dim m = p - 1. 
e row space m is nondegenerate, i.e., there 
are no isotropic vectors in any orthogonal basis. 
6) We no claim as to the ~rn~~ete~ess of results far p > 6. In 
particular, s of the considered type seem to exist for ah dimensions 
satisfying 
=dimmfQc-1 (4.38) 
for 12 su~~ie~~y large. 
(6) It is quite easy to nstruet MANSs with dim m = F -2, but we do 
not present them here. 
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signature in which 
and are Q(n, 6) conjugate to MANSs .?f the form (2.9) with S = 0 and 
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A further MANS of o(8, C) is obtained by replacing S = 0 with 
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I 0 0 0 O\ 
a, + ia, 0 0 0 
S = i( al + ia,) 0 0 0 * (5-8) 
\ 0 -(al + ia,) -i(a,+ia,) 0) 
2. IK4NSs With h >, 2$m Which the Kravchtrk Signature is Assured by Row 
1 of A and the Matrix S 
t us fstucay expb2it examples \vi& p < 4 and discuss tE,e casf? A >p e
the Iy)WS mi (i = %,..., A) are compatible with the values of m = m, 
and S found previously (and listed in Table 2). 
= 3. Only one such class of MANSs exists and is represented by 
A(5,O) in Table 2. 
We find that any MANS ofdn,C) such that 1~ = 2A -1-3 m-responding to 
an incomplete first row m, = (a 0 b) and S # 0 is cm&gate to 
g = 4. We start with A = 2 and b~iId on the ANS A6,lI to obtain 
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We get three kinds of nonequivalent MAN% with 
Al= 
a b b c 
0 0 0 0 
. s . . \6 b 6 . 0 * I i A,= 
a b b c 
0 b b 0 
0 0 0 0 
. . . . . . . . 
6 i 6 i 
, A,= 
a b b c’ 
o o a b 
0 0 0 0, 
. . . * . . . . 
ii ii 6 0, 
(5.11) 
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and then adding further rows in A, compatible with the row m and matrix S 
already found. 
(3) Those in which more than one row in A and the matrix S are needed 
to assure the correct Kravchuk signature [as in (5.1211. 
4. Luw-Dimensional Examples 
We now make use of the general results of Sections 2-5 to classify all 
MASAs of o(n, Cl for n < 7. We consider all possible decompositions and 
present the MASAs in decomposed form. A corollary of Theorem 2.1 is that 
an OD MASA can contain at most one odd-dimensional indecomposable 
MASA (otherwise it would contain two MANS& In view of Theorem 2.2, 
OID but D MASAs exist for all even tz. In order to classify them, we need 
Ss of sl(n/2,C). We recall [I, 4, 7) that MANSs of s#n,C) are 
characterized by the Kravchuk signature (Apv>, 
A+y+v=n, A2.1, v2 1. (5.13) 
sl(k,CI for k \< 4. This, t 
1 OID but D MASAs 
ures (Aprshd 
sf slw3. 
of SUn,C> conjugacy classes of MAN% of 
th Equation (S.S], provides us with a list 
k,(T) far k G 4. We list the Kradwk 
of a general element X for each MANS 
ere is only one Kravchuk signature and one class of MAN%: 
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k = 4. Six signatures, seven classes of MANSs altogether: 
X Y 1.2.3 E CA xv, 
X,= I 0 0 a x 0 0 0 
0 0 0 
0 0 0 
y 1 
a’ 
%x,yEC, 
01 
0 a b x 
x, = I 0 0 0 b 0 0 0 a a,b,x EC. 0 0 0 0 
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TABLE 3 
diag (1, a, - 1 - a) 
0 0 0 
2 ( 1 0 0 I &a 0 1 0 
10 0 
3 11 0 4 
0 0 -2 
t 
E 
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TABLE 4 
MASAs OF &a, 
TYPe General element X Metric K,, 
OID+D 
oD(2+ 1) 
MANS(111) 
free-rowed 
0Dt2+2) 
0ID+D 
MANS( 121) 
free-rowed 
08(2-t-2+ 1) 
MAN~(2~2) 
free-rowed 
0 
diagb, - a) 
diagb, - a,O) 
1 
H2 
diag(H2, 1) 
F3 
diagjH2, H2) 
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TABLE 4 (Cmtintwd) 
General ekment x 
A,= 
A,= 
a b c 
AJ= a b 
a 
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VI. CONCLUSIONS 
We have provided a set of guidcrhnes and techniques by means of which 
it is possible to obtain all MASAs of o(n, C) for any given n. For n < 7, the 
4LWBl PPPI. $@ rl*cb 1 r,,mmm rl mm~-+ in T,hla A W-WI Centinn f; Fcr r\fR f?) tur&e XlllUI IV~UI~&a U.” Y”I...I.VU uy Il. aL”I” 1 u..ll ““bx.a”I* V. V,“, Y , m--v-- 
conjugacy classes of MASAs exist. For n 3 7, infinitely many distinct conju- 
gacy classes exist, parametrized by the eigenvalues of certain matrices. 
The key to the classification is the decomposition theorems of Section 2 
that reduce the problem to the classification of MANSs. Sections 3, 4, and 5 
then deal with different types of MANSs of o(n,C). The most important 
invariant characterizing MAN!% is their Kravchuk signature. Once a MANS 
is presented in its Kravchuk normal form (2.91, we distinguish different types 
of MANSs according to the manner in which the correct Kravchttk signature 
(AbELA) is assured. Free-rowed MANSs of Section 3 are those for which the 
correct signature is assured by the first row m of the matrix A. The theory of 
free-rowed MANSs is neatly summed up in Theorem 3.1. Already in this 
case, conceptually the simplest one, we see that the procedure is basically a 
recursive one. We also see that the problem of classifying abelian subalge- 
bras of different algebras is related. Indeed, in order to obtain all &e-rowed 
MANSs of o( n, C), we need to know all abelian subalgebras (maximal or not) 
of all Jordan algebras jo(p, C) for p < n - 2. 
The non-free-rowed MANSs of Section 4 have signature (lkl), and the 
signature is assured jointly by the single row of A and the matrix S. All other 
types of MANSs are described in Section 5. 
Our plans for future work in this domain include a classification of the 
MASAs of the real forms of dn, C), in particular of the Lie algebras dp, 9). 
Other plans concern applications, in particular the construction of integrable 
systems on complex spheres and the separation of variables in such spaces. 
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